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Abstract 

We discuss approximations of the Riemannian geometry near the hori- 
zon. If a -D + 1 dimensional manifold N has a bifurcate Killing horizon 
then we approximate A/" by a product of the two dimensional Rindler space 
TZ2 and a, D~l dimensional Riemannian manifold Ai . We obtain approx- 
imate formulas for scalar Green functions. We study the behaviour of the 
Green functions near the horizon and their dimensional reduction. We 
show that if A4 is compact then the Green function near the horizon can 
be approximated by the Green function of the two-dimensional quantum 
field theory. The correction term is exponentially small away from the 
horizon. We extend the results to black brane solutions of supergravity 
in ten and eleven dimensions. The near horizon geometry can be approx- 
imated hy Af = AdSp X Sq . We discuss the Euclidean Green functions on 
TV and their behaviour near the horizon. 



1 Introduction 

The Hawking radiation shows that quantum phenomena accompanying the mo- 
tion of a quantum particle in a neighborhood of a black hole require a description 
in the framework of relativistic quantum theory of many particle systems. It 
seems that quantum field theory supplies a proper method for a treatment of a 
varying number of particles. Quantum field theory can be defined by means of 
Green functions. In the Minkowski space the locality and Poincare invariance 
determine the Green functions and allow a construction of free quantum fields. 
In the curved space the Green function is not unique. The non-uniqueness can 
be interpreted as a non-uniqueness of the physical vacuum [1] [2] . There is less 
ambiguity in the definition of the Green function on the Riemannian manifolds 
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(instead of the physical pseudo-Riemannian ones). The Euchdean approach ap- 
peared successful when applied to the construction of quantum fields on the 
Minkowski space-time [3] . Wc hope that such an approach will be fruitful in ap- 
plication to a curved background as well. In contradistinction to the Minkowski 
space-time an analytic continuation of Euclidean fields to quantum fields from 
the Ricmannian metric to the pscudoRicmannian one can be achieved only if 
the manifold has an additional reflection symmetry [4] (for a possible physical 
relevance of the reflection symmetry see [5]). 

The black hole can be defined in a coordinate independent way by the event 
horizon. The event horizon is a global property of the pseudoRiemannian man- 
ifold. It is not easy to see what is its counterpart after an analytic continuation 
to the Riemannian manifold. Nevertheless, there is a proper substitute:the bi- 
furcate Killing horizon. As proved in [6] a manifold with the Killing horizon 
can be extended to the manifold with a bifurcate Killing horizon. Moreover, 
there always exists an extension with the wedge reflection symmetry [7] which 
seems crucial for an analytic continuation between pseudoRiemannian and Rie- 
mannian manifolds. The bifurcate Killing horizon is a local property which can 
be treated in local coordinates [8] . In local static coordinates close to the bifur- 
cate Killing horizon the metric tensor g tends to zero at the horizon [9]. This 
property is preserved after a continuation to the Riemannian metric. In sec. 2 
we approximate the Riemannian manifold Af with the bifurcate Killing horizon 
as Af = TZ2 X Md-1, where TZ2 is the two-dimensional Rindler space and M 
enters the definition of the bifurcate Killing horizon as an intersection of past 
and future horizons. There is the well-known example of the approximation 
in the form of a product: the four-dimensional Schwarzschild solution can be 
approximated near the horizon by a product of the Rindler space and the two- 
dimensional sphere . However, we do not restrict ourselves to metrics which are 
solutions of Einstein gravity . 

The Euclidean quantum fields are defined by Green functions. For an ap- 
proximate metric near the bifurcate Killing horizon we consider an equation for 
the scalar Green functions. We expand the solution into eigenfunctions of the 
Laplacc-Bcltrami operator on li A4 is compact without a boundary then 
the Laplace -Beltrami operator has a discrete spectrum starting from (the 
zero mode). We show in sec. 3 that the higher modes are damped by a tunneling 
mechanism. As a consequence, the position of the point on the manifold A4 
becomes irrelevant. The Green function near the bifurcate Killing horizon can 
be well approximated by the Green function of the two-dimensional free field. 
The splitting of the Green function near the horizon into a product of the two 
dimensional function and a function on M has been predicted by Padmanabhan 
[10]. However, we obtain its exact form. In sec. 4 we discuss an application of 
our earlier results [11] on the dimensional reduction of the Green functions. In 
sec. 5 we apply the method to black brane solutions of string theory [12] [13] in 
10 and 11 dimensional supergravity which at the horizon have the geometry of 
AdSp X Sq. We show that Euclidean quantum field theory on the brane can 
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be approximated by that on the hyperbohc space ( the Euchdean version of 
AdS). The propagator on the background manifold of the black brane can be 
applied for a construction of supergravity with the black brane as the vacuum 
state. Anti-de-Sitter space is the homogeneous space of the conformal group. 
Hence, at the level of the two-point functions we derive the relation between 
supergravity and conformal field theory on the boundary of of AdSp (which is 
Vi)[14]. 

2 An approximation at the bifurcate Killing hori- 
zon 

We consider a D + 1 dimensional Riemannian manifold J\f with a metric aAB 
and a bifurcate Killing horizon. This notion assumes a symmetry generated by 
the Killing vector ^. Then, it is assumed that the Killing vector is orthogonal 
to a (past oriented) D dimensional hypersurface Ha and a (future oriented) 
hypersurface Hb [8]. The Killing vector is vanishing (i.e.,^"*^^ = 0) on an 
intersection of Ha and Ti. g defining a D — 1 dimensional surface A4 (which can 
be described as the level surface / = const) . The bifurcate Killing horizon 
implies that the space-time has locally a structure of an accelerated frame, 
i.e., the structure of the Rindlcr space [15]. In [6] it is proved that the space- 
time with a Killing horizon can be extended to a space-time with the bifurcate 
Killing horizon. Padmanabhan [10] describes such a bifurcate Killing horizon as 
a transformation from a local Lorcntz frame to the local accelerated (Rindlcr) 
frame. In [6] it is shown that the extension can be chosen in such a way that 
the "wedge reflection symmetry" [7] is satisfled.In the local Rindler coordinates 
the reflection symmetry is X = (xo,y, z) X = {xq, ~y, z). The symmetry 
means that the metric aAB splits into a block form (we denote coordinates on 
J\f and its indices by capital letters) 

ds^ = (JABdX^dX^ = QQodx^dx^ -\- gudydy + 2goidx°dy + gjkdz^dz'' 

j,k>l 

The bifurcate Killing horizon distinguishes a two-dimensional subspace of the 
tangent space. At the bifurcate Killing horizon the two-dimensional metric 
tensor gab is degenerate. In the adapted coordinates such that ^ = do we have 
gio = and the metric does not depend on xq. Then, det[g'ab] — > at the horizon 
means that gnoiu = 0, z) = or gii{y = 0, z) = . We assume .goo(?y = 0, z) = 0. 
As goo is non- negative its Taylor expansion must start with y^. Hence, if we 
neglect the dependence of the two-dimensional metric gab on xq and on z then 
we can write it in the form 

dsl = -y^{dx°)^ + dy^ + E,- fe>2 9jk{y, z)dz^dz'' 
^y^[-{dx°r+y-\dy'+dsl_,)) 
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If we neglect the dependence of gjk on y near the horizon then the metric dsjj_i 
( denoted ds|^ ) can be considered as a metric on the D — 1 dimensional surface 
A4 being the common part of Ha and Hb- Hence, in cq.(l) J\f = TZ2 x A4 where 
TZ2 is the two-dimensional Rindler space. As an example of the approximation 
of the geometry of J\f we could consider the four dimensional Schwarzschild 
black hole when Af TZ2 x 52 ( quantum theory with such an approximation is 
discussed in [16]) . 

We shall work with Euclidean version of the metric (1) 

ds^ = y^dx^f + dy^ + Y.,.k>2 5jfc(0' z)dz^dz'' (2) 
We consider the Laplace-Beltrami operator 

on A/" (cr = det((7^B)). 

In the approximation (2) we have (if gjk is independent of y) 

An = y-'^dl + y-^dyydy + Am = Ar + Am (3) 

where is the Laplace-Beltrami operator on the two-dimensional Rindler 
space and Am is the Laplace-Beltrami operator for the metric 

= ^gjk{0,z)dz^dz'' 

jk 

We are interested in the calculation of the Green functions 

(-Ajv+m2)e?]^ = ^^ (4) 

Then, eq.(4) for M = TZ2 x M reads 

-(^0 + ydyydy + j/'Am - y^m^)g'S = y-^5 (5) 

After an exponential change of coordinates 

y = exp xi (6) 

eq.(5) takes the form 

[-dl- dl - exp(2xi ) ( Am - m')) 5™ = 9~J - x'^)5{x^ - x'^)5{z - z') (7) 

If M. is approximated by R^~^ then the metric (1) is conformally related to 
the hyperbolic metric. This relation has its impact on the form of the Green 
functions (5) as will be seen in sees. 3 and 4. 
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3 Green functions near the bifurcate Killing hori- 
zon 

We investigate in this section the Green function (5) in £> + 1 dimensions un- 
der the assumption that A4 is D — 1 dimensional compact manifold without 
a boundary. We introduce the complete basis of eigenfunctions in the space 
L^(rfxorfxi) of the remaining two coordinates 

{-di - df+ulexp{2xi))(l>^{xo,xi) = E^^{xo,xi) (8) 

where 

ujl = ek + n? (9) 

In eq.(8) E denotes the set of all the parameters the solution depends on. 
The solutions satisfy the completeness relation 

y dv{E)^\{xQ,xx)4>t{x'Q,x'^ = S{xo - x'o)5{xi - x[) (10) 

with a certain measure v and the orthogonality relation 

j dxodxi4ik{xo,xi)(pf' {xo,xi) = 5{E - E') (11) 

where again the 6 function concerns all parameters characterizing the solution. 

If is a compact manifold without a boundary then — Am has a complete 
discrete set of orthonormal eigenfunctions [17] 

-AMUfc = e/cWfc (12) 

satisfying the completeness relation 

^Uk{z)uk{z') = g~^5{z- z') 

k 

Solutions of Eq.(12) always have a zero mode = 1 (we normalize the Rie- 
mannian volume element of to 1) corresponding to efe = 0. We expand Q (we 
drop the index N uiQ because there is only one Green function in this section) 
distinguishing the contribution of the zero mode 

5™(a;o,a;i,z;xo,a;i,2;') - c/J^(a;o, xi; Xq, x'^) = Y.k^Qg'^{xo,xi;x'Q,x'-i^)uk{,z)uk{z') 

(13) 

where 

gf{xo,xi;x'Q,x\) = j dv{E)E-^l{xQ,xi)(l)^{x'Q,x'^) (14) 
5™ is the kernel of the inverse of the operator 

H = -dl - dl + wlex.p{2x^) 
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I.e., 

Hg'i^{xQ,xi;xQ,x[) = 6{xo - Xq)S{xi - x[) (15) 

We have moved the zero mode in eq.(13) from the rhs to the Ihs. 5™ is the 
solution of the equation 

(-^o' - + exp(2a;i))ff^ = d{xo - x'o)S{x, - x[) (16) 

Taking the Fourier transform in Xq we express eq.(16) in the form 

Hg^iPo,x,;,x[)=S{x,-x[) (17) 

where 

H=pl-df+u;leM'2xi) (18) 

In order to obtain an approximate estimate on the behaviour of g]^ we write g]^ 
in the WKB form 

h = exp{-u)kW) (19) 
Then, from eq.(15) for large Xi 

ivlidiWf ^Lolcxp{2xi)+pl (20) 

Hence, if w/c ^ then W ~ exp(xi) for large xi showing that t/™ — g}^ is 
decaying exponentially fast away from the horizon (if m = then 0;^ > if 
Ck > 0). We study this phenomenon in more detail now. First, we write the 
solution of eq.(8) in the form 



/.f = exp(ipoa;o)C(a^i) (21) 



where 



(-a?+a;^exp(2a;i))C =P?C (22) 
Now, E = pI + pI and du — dpodpi in eqs.(10)-(ll). When Wk = then the 
solution of eq.(22) is the plane wave 

(tC = (271")"^ exp{ipixi) 

The normalized solution of eq.(22, which behaves like a plane wave with 
momentum pi for xi — > —00 and decays exponentially for xi +00, reads 

cj^^' = Np,Kip, {ojk exp(a;i)) (23) 

where K^, is the modified Bcsscl function of the third kind of order v [18]. 

This solution is inserted into the formulas (13)-(14) for the Green function 
with the normalization (11) 



J — C 



dx^(t>k{x,)f,^{x^)=6{p,-p[) (24) 
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Hence (see [1][19][20]), 

=p^sinh(7rpi)A (25) 

TT 

Then, performing the integral over po in eq.(14) 

dpoexp{ipo{xo - a;o))(Po = Trbil"^ exp(-|pi||a;o - x^l) 



we obtain 

g{xo,Xi,z;x'Q,x[,z')'^ - gJ{'{xo,Xi;x'o,x[) = Jq° dpi sinh(7rj3i) exp(-pi|a;o - 
Efc^o ^ipi i^k exp{xi))Kip^ (wfe exp{x[))uk{z)uk{z') 

(26) 

We expect that the rhs of eq.(26) is decaying fast to zero away from the 
horizon. Each term on the rhs of eq.(26) is decaying exponentially fast when 
Xi +00 because the Bessel function K^y is decreasing exponentially. We wish 
to show that the sum is decreasing exponentially as well. This is not a simple 
problem because we need some estimates on eigenfunctions and eigenvalues of 
the Laplace-Beltrami operator on A4. 

Let us consider the simplest example = (the circle of radius a which 
can be related to the three-dimensional BTZ black hole [21]). Then, Uk{x2) = 
(27ra)~2 exp(-fca::2) and ek = a~'^k'^ (here we denote the coordinate z of eq.(26) 
by X2)- We assume m = for simplicity of the argument. Then, the sum over k 
can be performed by means of the representation of the Bessel function (if m 7^ 
then we arc unable to do the summation exactly but for our estimates this is 
not necessary because only large eigenvalues are relevant for large eigenvalues 

i^k — Cfe) 

POO 

Kii,{u) = I exp(— ucoshf) cos(z/f) (27) 
Jo 

We have 

Yl'k=i "^^P ( ^ kucosh{t) — fcu'cosh(f')^ cos(^(.X2 — x'2)) = 

3fi(^cxp - ?icosh(t) - ■u'cosh(f ) + ^(x2 - x'^)^ (28) 

^1 - exp(-Mcosh(t) - ■u'cosh(t') + ^{x2 — x'2))^ j 

Inserting (28) in cq.(26) and approximating the denominator in cq.(28) by 1 we 
obtain an asymptotic estimate for large positive x^ and x'-^^ (large y and 2/';this 
is eq.(26) neglecting |fc| > 1) 

g^^XQ,xi,X2\x'f^,x'^,x'2) - g^{xQ,xi;x'Q,x{) ~ ^cos(^ - ^) /29) 
dpi sinh(7rpi) exp(-pi|a;o - x'Q\)Kip^ {\ ex.^{xi))Kip^ (i exp(a;i)) 

We can estimate the integral over pi if \xo — x'q\ > 7r(if this condition is not 
satisfied then the estimates are much more difficult because we must estimate 
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the behaviour of ifipj (exp(a;i)) simultaneously for large pi and large xi). In 
such a case inserting the asymptotic expansion of the Bessel function we obtain 

g°{xo, Xi,X2; x'q, x[, x'2) - goixo, Xi;xq, x[) 

- 5f^V^exp(-ia;i - ^x[) (30) 
cos(^ - ^){\xo - x'o\ - 7r)-i exp ( - i exp(a;i) - i exp(a;'i)) 

where (for m = 0) 

g^{xo,xi;x'Q,x[) = -^ln((a;o - x'^f + {xi - x'^f) 
is the solution of the equation 

(-^o' - d!)g^o = S{xo - x'o)dix, - x[) (31) 

It follows that close to the horizon tends exponentially fast to the Green 
function for the two-dimensional quantum field theory. 

In a similar approach we treat the case M = S2, where S'2 is the two- 
dimensional sphere with radius a. This case is interesting because it describes 
the near horizon geometry of the four-dimensional Schwarzschild black hole [22] . 
The approximate near horizon geometry of the four-dimensional Sehwarzschild 
black hole is = 7?.2 x 5f {in D + 1 dimensions this is = 7?.2 x S'jj_^) where 
TZ2 is the two-dimensional Rindler space. Now, the formula (26) reads 

Q'^ixQ, xi,e, (t); x'q,x[,0', (/)') - 5^(a;o, Xi;x'o, x[) = dpi sinh(7rpi) exp(-pi|a;o - XqI 

Ei^o ^ipi i^i exp(a;i))ii'ipi (w; exp(x;))(2Z -|- l)P;(cos f ) 

(32) 

where ivf = l{l + l)a ^-|-m^, Pi is the Legendre polynomial and a is the geodesic 
distance on S2 ■ In the spherical angles {6, (f)) 

(cos ^){e, (j)] e', (f>') = cos e cos e' + sm e sin e' cos{(t> - ^') (33) 

A finite number of terms on the rhs of eq.(32) is decaying exponentially in 
y = expxi (because Kip^ is decaying exponentially). Hence, it is sufficient to 
estimate the sum in cq.(32) for I > L. For large I we can use the approximation 
~ ^ . Applying the representation of the Legendre polynomials 

1 

Pi{cos9) = - (cos6i-|-isin6'cos0)'# (34) 
and the representation (27) of the Bessel functions we obtain 

E;>i V(2« + 1) exp ( - i exp(a;i) cosh(t) - 1 exp(a;'i) cosh(t')) 

= (2L -Fi - (2L - i)r) (1 - r)-2 
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where 



and 



r = 7exp — — exp(a:i) cosh(t) — - exp(a;i) cosh(f')^ 



7 = cos a + ism — cos (f> (36) 

If in (1 — r)~^ wc neglect T (or expand it in a power series of T) and apply 
the asymptotic expansion for the Bessel functions then we can conclude that 
the sum starting from L is decaying as exp(— exp(a;i) — exp(a;'i)) for large 
positive xi. Therefore, the behaviour of the rhs of eq.(26) for large positive xi 
is determined by the lowest non-zero eigenvalue. Taking only the term with the 
lowest non-zero eigenvalue we obtain similarly as in eq.(30) (if |a;o — a;o| > tt ) 
the approximation 



g"'{xo,x,,e,<jy;x'„,x[,e',cb') - g^{xo,xv,x'o,x[) 

- ^V^exp(-ixi - (37) 

(|a;o - x'q\ - 7r)-i exp - ^m? + ^(exp(xi) + exp(x'i))^ cos f 

where g™ is the solution of eq.(16). 

For general compact manifolds M. we must apply some approximations in 
order to estimate the infinite sums. We estimate the rhs of eq.(13) for large xi 
and x'l by means of a simplified argument applicable when z = z' , Xi= x\ and 

\u{z)\ < C. Then, 

\g"^{xo,Xi^z;x'Q,xi,z) - gl!^{xo,xi;x'Q,xi)\ 

< C^;^ dpi sinh(7rpi) exp(-pi|xo - xJjI) X^fe^^o l^vi ('^fe cxp(xi))p 

Let ei be the lowest non-zero eigenvalue. The finite sum on the rhs of eq.(38) is 
decreasing as exp{—2\/m'^ + ei exp(a;i)). For this reason we can begin the sum 
starting from large eigenvalues. For large eigenvalues (et > n with n sufficiently 
large) we can apply the Weyl approximation for the eigenvalues distribution [23] 
with the conclusion 

\g'^{xo,x-i,z;x'Q,xi,z) - g}p{xo,xi;x'Q,xi)\ 

< C^r^J^ dpi sinh(7rpi) exp(-pi|a;o - x'^DJ^sKe^Kn |J^»p i(^fc exp(a; i))p 
+R dpi sinh(7ri3i) exp(-pi|a;o - Xq\) Jj^|>^dk|ifjp,(y^|kpTm2 exp(xi))|2 

(39) 

The finite sum as well as the integral on the rhs of eq.(39) are decaying expo- 
nentially in xi with the rate y/ei -\-m? whereas for gi™ we can get the estimate 

\gQ'{xQ,xi;x'Q,xi)\ < if exp ^ - m\xo - x'q\ - mexp(a;i)^ 

for non- negative x\. Hence, for any m > the rhs of eq.(13) is decreasing to 
zero faster than both Q"^ and 5™. 
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4 Green functions on a product manifold 

In sees. 2 and 3 we have approximated a manifold with a bifurcate Kilhng horizon 
by a product manifold and discussed the Green functions in such an approxi- 
mation. In this section we consider Green functions on product manifolds in a 
formulation based on our earlier paper [11]. Here, we emphasize some methods 
which have applications to the black brane solutions to be discussed in the next 
section. 

Let us consider a manifold in the form of a product N = K x M. where K 
has D — d+1 dimensions and M. is & d dimensional manifold. The metric on 
M takes the form 

ds'^ = dABdX^dX'^ = gab{w)dw''dw^ + hjk{z)dzHz^ (40) 

where the coordinates on J\f are denoted by the capital X = {w,z), the ones on 
/C by w and the coordinates on A4 are denoted by z. A solution of eq.(4) can 
be expressed by the fundamental solution of the diffusion equation 

drP^ = I^nP^ (41) 

with the initial condition Po{X,X') = a~i6{X - X'). Then 

1 POO 1 

Sn = ^1 dTeM-^rn\)P^ (42) 
We may write eq.(4) in the form (here Km = det{hjk) and g = det{gab)) 

(-Ajv + m^)^]^ = (-Am + - A^)^]^ = hJg-iS{X - X') (43) 
Prom eq.(43) we have a simple formula ( in the sense of a product of semigroups) 

pN ^ pKpM (44) 

where the upper index of the heat kernel denotes the manifold of its definition. 
Hence 

1 1"°° 1 

g^{X,X') = -j^ dTeM-^rn\)P^{w,w')P^{z,z') (45) 

We expand the Green function (distinguishing the zero mode) in eigenfunc- 
tions Ufe (12) of the Laplace-Beltrami operator Am 

G'SiX,X') - g^{wM) ^T.k^o9Ti^^^')Mz)Mz') (46) 
g^ is a solution of the equation 

AkgT{w, w') = {ygujl - dag'''V9db)9T = S{w - w') (47) 



10 



where ujk is defined in eq.(9). The zero mode is the solution of the equation 
[-da9'''sf9db + m''^)g^ = 5{w-w') (48) 

As in sec. 3 we ask the question whether Q™ can be approximated by g™. As a 

first rough approximation for large distances wc apply the WKB reresentation 
expressing the Green function gk (47) in the form 

g'^iw, w') = BM-^kW{w, w')) (49) 

Assuming that W is growing uniformly in each direction we obtain in the leading 
order for large distances the equation 

1 = g^^daWdbW (50) 

for W . Eq.(50) is an equation for the geodesic distance on the manifold K. 
with the metric gab [24]. Hence, the geodesic distance W{w,'w') ~ aK{w,w') 
is the solution of eq.(50) which is symmetric under the exchange of the points 
and satisfies the boundary condition W{'w,w) = 0. We insert the approximate 
solutions (49) into the sum (46). Then, we can express the sum by the heat 
kernel of ^— Am + m'^ or the heat kernel of —Am + m'^ 



g^iX, X') -go{w,w') ~ Efe eM-<^kW{w, w'))ukiz)ukiz') 

= cxp(-^-Am + m'^W{w,w')){z,z') (51) 

= {2n)-i de exp(- f ) exp ( - i^Hl (_Am + m^)) (., .') 

Eq.(51) gives a better approximation than eq.(49) (together with eq.(50)) of the 

Green function on M becaiisc the sum over eigenvalues has been performed. 
If the heat kernel on is known (to be discussed in the next section) then from 
eq.(51) we can obtain an approximation for Q^. 

5 Green functions for approximate geometries 
of black holes and black branes 

In sec. 3 we have derived an approximation for the Riemannian metric near the 
bifurcate Killing horizon. Wc could see that at the horizon M ~ TZ2 x . 
In the case of the Schwarzschild black hole in four dimensions we have M ^ 
TZ2X 82- We are interested in this section also in the black brane solutions in 10 
dimensional supcrgravity which have the near horizon geometry Af ~ AdS^s x 
and the black brane solutions in 11 dimensional supcrgravity with the near 
horizon geometry J\f ~ AdSr x or j\A ~ AdS4 x Sf [13]. These manifolds 
can be considered as solutions to the string theory compactification problem 
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[22]. We can see that for a description of the black hole (black brane) Green 
functions the formulas for the heat kernel on the Rindler space and AdS space 
will be useful. We shall set the radius of the black hole (brane) a = 1 in this 
section. The radius can be inserted in our formulas by a restoration of proper 
dimensionality of the numbers entering these formulas (as will be indicated 
further on). For the Rindler space the heat kernel equation reads 

drPj" = IauP^" = liy-'d^o + v-'dyydy)P^ (52) 

If we take the Fourier transform in xq in eq.(52) then we obtain an equation for 
the Bessel function [18]. Hence, we can see that the solution of the heat 
kernel for TZ^ with the initial condition {yy')~^5 can be expressed in the form 

1 1 /" 1 

P^{x,y;x',y') = — (27r)-i / dpoexp{ipo{xo-x'o))Iip,i{T-^yy')exp{- — {y'^+y''^)) 
TTT J It 

(53) 

Eq.(52) for the heat kernel P^ on 7?.2 coincides with the heat equation on the 
plane but expressed in cylindrical coordinates, i.e., if 



Wo = ycosa;o,«;i = ysinxo 



then 

As a consequence the heat kernel P"^"^ with periodic boundary conditions im- 
posed on a;o( with the period 2-k ) must coincide with the heat kernel on the 
plane (see also [25]). Hence, 

= (2^T)-iexp(- ^|w;-w;f ) (54) 

where 

\w-w'\^ = {wQ~w'^f ^{w^^w'^f (55) 

First, we apply the methods of sec. 4 to the case discussed already in another 
way in sec. 3. The approximate near horizon geometry of the Schwarzschild 
black hole in four dimensions is A/" = Tl-i x 5'2(in D + 1 dimensions this is 
A/" = 7?.2 X Sd-\). We may apply eq.(45) in order to express the Green function 
by the heat kernels. For this purpose the eigenfunction expansion on ^2 is useful 

Pr'ip) = ^f;(2/ + l)P((cosa)exp(-^;(i + l)) (56) 
z=o 

where P; is the Legendre polynomial and the geodesic distance a is defined in 
eq.(33). Applying the representation (34) of the Legendre polynomials we can 
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sum up the series (56) and express it by an integral 



where 

7- 

f2 = exp(m — — )(coscr + i sincrcos (/)) (58) 

If we expand (1 — fi)^-^ in f2 then we obtain the expansion (56) of the heat 
kernel. 

Applying cqs.(45),(54) and (57) wc can represent the scalar Green func- 
tion on the four-dimensional black hole of temperature /3 = 27r ( this is the 
conventional Hawking temperature in dimensionless units; the xq coordinate is 
made an angular variable in order to make the singular conical manifold regular 
[26] [22] [27] [28]) 

g^^iw, 9, 4,; w',e', cj,') - g^{w, w') - ^ /; dcl>jduj^ dT{2nT)-i exp(-im2r) 

exp ( - ^{\w - + u^)^n{i - n)-2 

(59) 

where 

We obtain an exponential decay of the rhs of eq.(59) if we make the approxi- 
mation (1 — O)^^ ~ 1 and estimate the correction to this approximation. In 
this way we reach the approximation (37) of sec. 3 but now at the Hawking 
temperature. For zero temperature or a temperature different from the Hawk- 
ing temperature it would be difficult to obtain a useful approximation for the 
Green function from eq.(45) because the formula (53) for the heat kernel on the 
Rindler space is rather implicit. 

We can obtain simple formulas for the Schwarzschild black hole in an odd 
dimension d+2. For an odd d the formula for the heat kernel on Sa reads [29] 



Pr'^ = i^)"^ -M^)(o£,) ' (2.r)-^E„exp(-^(.-2.n)2) 
= (^)^ exp( (^) (^) ^ (27r)-i E2„>.-i exp(-^) cos(na) 

(60) 

(the derivative over cos a annihilates all cos na with 2n < d—1). Performing the 
T integral (45)(of the heat kernels (54) and (60)) we obtain the Green function 
of the black hole in d -|- 1 dimensions at temperature /3 = 2?? 

gZ{w,w';a)-g^{w,w') = f (X)^(_^)'^ ^^^^ 
E2„>d-i ^0 ((n' -\{d-l)^+ m^)-2\w - w'\) cos(na) 
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We can use the representation (27) of the Bessel function 

Kq{u) = / exp(— ■ucosh(f)) 
Jo 

in order to sum the series (61) for large n > A. Then, we can use the approxi- 
mation (n^ — j{d— 1)^ + m^)2 ~ |n|. In such a case 

(E2n>Vi cos{na)Ko[{n^ - i(d - 1)^ + m^)^w - w'\) cos(na) 

+ dt(^cxp{iAa — A\w — w'\ cosh(t))^l — cxp(i(j — \w — w'\ cosh(t))^ 

+ exp(— iAcr — A|w — w'\ cosh(t))^l — exp(— icr — |w — w'\ cosh(t))^ ^ 

(62) 

The finite number of terms on the rhs of eq.(62) is decreasing exponentially 
because Kq{u) is decreasing exponentially for large u. Then, the integral over 
t is decreasing exponentially as in the definition of the Bessel function (27). In 
order to prove this we make the approximation 

^1 — exp(z(T — \w — w'\ cosh(t))^ ~ 1 

and subsequently estimate the correction to this approximation. We can con- 
clude that the rhs of eq.(62) is decreasing as exp(— Vto^ + llw — w']) 

(as exp(— VTO^ + (r^|w;— w'l) after an insertion of the radius a of the sphere). 

We obtain explicit formulas for scalar Green functions on black brane so- 
lutions of supergravity in ten dimensions which near the horizon have the 
AdSs X Ss geometry [12] [30] [13]. The heat kernel on the 2fc -|- 3 dimensional 
hyperbolic space 7Y2fc+3 (Euchdcan AdS2k+3 ) is [31] [32] 

pi'+'^(aH) = -(-27r)-'=-iexp(-M!r + ir) ^ ^ 

/ , X'^ (1), . (63) 

;) Pr'icTH) 



dcoshaH 



with 



2 

= (27rr)- = aH(sinhcTH)-'exp(-J - ^) (64) 

Z It 

It is a function of the Riemannian distance an- In the Poincare coordinates 

(j/>x) 

cosh an = 1 + {2yy')-\{^ - x')' + (y - y'f) 

The integral (45) over r can be calculated using eqs.(60) and (63). Then, for 
X ^5 we obtain 

gr+,{'^H,a)-g^,{aH) = 4^(2^)"" ^^^^ 
(sinho-jj)"^ Z^n>2("'^ + ™^)^ ( ~ ('^^ + 'm'^)^(^H^ cos(ncr) 
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where (/^ is the Green function on the hyperbohc space H5. In the Poincare 
coordinates QqI is the solution of the equation 

(-2/2^2 + 3ydy - y^A^ + m^)g^, = /5 

We have 

If the sphere has radius a and the hypersphere the radius b then the exponential 
factor in eq.(66) reads 

exp ^ — b\/ 4a~2 + iv?crH^ 

We can sum on the rhs of cq.(65) a finite number of terms and subsequently 
approximate the remaining series replacing the square root in the argument of 
the exponential by |n| for large n (the procedure which we applied at eq.(62)). 
If the mass m = then the sum in eq.(65) can be calculated exactly with the 
result 

^sTsl^H, a) - 5o™5(^h) = 4^(27r)-i (^)'(^^)' 



exp(— 3CT_f/)(cos(3a) — exp(— a//) cos(2cr))( 1 + exp(— 2CT_f/) — 2 exp(— a//) cos(ct) 




(67) 

In eleven dimensions the counterpart of the ten dimensional black branc has 
the near horizon geometry AdS^ x 6*4. The heat kernel on 5*4 can be expressed 
in the form [29] 

^ W = ^^TITT E(2^ + mimosa) eM-^Kl + 1)) (68) 
1=0 

where a is the geodesic distance on S4. Hence, from eq.(45) 

ar+4(^H,a) -ffo"^(aH) = ^(27r)-3(2^)-i^(^^J^)'(sinhaH)-^ 
Ei>o {KI + 1) + m2 + 9) %xp ( - + 1) + m2 + 9) "aH)Pii<T) 

(69) 

where gjy^ is the Green function on the seven dimensional hyperbolic space TI7. 
It is the solution of the equation (in Poincare coordinates) 

(-?y2a2 + 5ydy - y^A^ + m^)g^, = yH (70) 
The solution of eq.(70) reads 

g^,{aH) = (27r)-2 ( g^osha )'("'"^^^)"' exp(- VQ + mV^) (71) 
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Again we can obtain good approximation for the Green function summing a 
finite number of terms on the rhs of eq.(69)and subsequently calculating the 

infinite sum with the approximation + 1) + m? + 9^ ^ — ^• 

Finally, let us consider the black brane solution of supergravity in eleven 
dimensions with the near horizon geometry AdSi x St. The Green functions 
have a more involved representation in this case because the heat kernel on the 
even dimensional hyperbolic space cannot be expressed by elementary functions. 
We have 

^ d 9 3 f°° 1 

Pr = — v2(27r)~^- exp(— -T)(27rr)~ 2 / (coshr— coshcrH)~2j'exp(— — )(ir 

a cosh OH 8 J„jj 2r 

(72) 

Hence, from eqs.(45)and (65) we obtain 



GT+7{^H,a) - gElian) = -^/2(27r)-4^,^^ (^) E„ 
dr {coshr — cosh(Tij)~5 exp ^ — — ^ + + n^j 

(73) 

where 

gEl{a„) = -2x/2(27r)-i 3^3^ X." (cosh r - coshan)"^ exp(-r^| + m2)dr 

(74) 

The integrals over r in eqs.(72)-(74) can be expressed by the Legendre functions 
Qa using the integral representation [18] 

Qa{cosha) = / dr(2coshr — 2coshCT)~2 exp(— ar — -r) 

Ja 2 



6 Discussion 

It is known that the Ricmannian geometry of the spherically symmetric black 
hole manifold of D + 1 dimensions near the horizon can be approximated by 
Af = TZ2 X Sd-1- The black brane solutions of supergravity and string theory 
near the horizon can be approximated by a product Af = AdSp x Sq. Let us 
denote these manifolds with a horizon by Af. A question could be raised to 
what extent the product manifold Af = Kl x A4 is a. good approximation to 
Af in the sense that \Qn{X, X') — Qn{X, X')\ is small in a certain range of X 
and X'. Such problems have been studied for the heat kernels in relation to 
the parametrix method for diffusion equations [33] [34]. By these methods we 
could estimate |P^ — and subsequently integrate the estimate over r (in the 
sense of eq.(42)). However, explicit estimates would be difficult and are beyond 
the scope of this work. We restricted ourselves in sees. 3 and 5 to an answer 
(by different methods) to a simpler problem: whether the Green function on 
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a product manifold can be approximated by its zero mode. We have obtained 
explicit formulas for the correction to the zero mode contribution. The zero 
mode is the Green function on the non-compact part. Wc have shown that 
the scalar propagator on the product manifold can indeed be approximated for 
large distances by the one on the non-compact part of M. The contribution 
of the compact part is decreasing exponentially as a function of the distance. 
This is in fact an expression of the compactification in the Kaluza-Klein setting. 
In the case of the Schwarzschild black hole we could call such a phenomenon 
a dimensional reduction. The compact degrees of freedom become irrelevant 
for the scalar quantum field theory defined on the black hole background. The 
J\f ~ AdSp X Sq approximation is usually discussed [14] [30] in relation to an 
approximation by a conformal field theory on the boundary of AdSp. The form 
of the propagator on the product of the non-compact and compact manifolds 
could be useful for a complete reconstruction of the quantum field theory on Af 
from the one on the boundary of AdSp. Some consequences of the near horizon 
dimensional reduction in the case of the Schwarzschild black hole have been 
discussed by Padmanabhan [10]. 
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